ABSTRACT: We explore the geometry of N = 1 the moduli space in detail. Our attempt is to get some deeper understanding of the properties of the Kähler manifolds obtained from the N = 2 to N = 1 reduction inside the quaternionic space. The definition of the Kähler coordinates as well as certain no-scale type conditions can be more easily understood in terms of the 'dual' formulation where some chiral multiplets of the Calabi-Yau orientifold are replaced by linear multiplets. A linear multiplet consists of a real scalar and an antisymmetric two-tensor as bosonic fields. In the massless case this two-tensor is dual to a second real scalar and one is led back to the chiral description. The transformation into linear multiplets corresponds to a Legendre transformation of the Kähler potentials and coordinates. In the dual picture, the characteristic functions for type IIB orientifolds take a particularly simple form. Moreover, in type IIA orientifolds the Legendre transform is essential to make contact with the underlying special geometry. As a byproduct we determine an entire new class of no-scale Kähler potentials which in the chiral formulation can only be given implicitly as the solution of some constraint equation. These new insights will enable us to give a direct construction of the Kähler manifold in analogy to the moduli space of supersymmetric Lagrangian submanifolds.
Introduction
Recall that the orientifold moduli space is a direct product
where N =1 supersymmetry demands each factor to be a Kähler manifold.M SK is a submanifold of the N =2 special Kähler manifold M SK parameterizing complex structure deformations in type IIB and complexified Kähler structure deformations in type IIA. As we have shown alsoM SK is special Kähler, since it inherits its complex structure from and admits a Kähler metric obtained from M SK prepotential. The reduction of the hypermultiplets sector is more 'radical' since it defines a Kähler manifoldM Q inside of a quaternionic manifold M Q , which itself is not necessarily
Kähler. This Kähler submanifold has half the dimension of the quaternionic space. In general, it is a difficult mathematical problem to characterize Kähler manifolds inside quaternionic ones [1] . However, the quaternionic manifolds obtained by Calabi-Yau compactifications of type IIA or type IIB supergravity posses special properties. As shown in [2, 3] where 2n and 4n + 4 are the real dimensions of M SK and M Q . These quaternionic manifolds are termed special or dual quaternionic. One observes that their metric depends on only half of the bosonic fields in the hypermultiplets, or, in other words, on half of the quaternionic coordinates. More precisely, the components of the metrics obtained from the Kaluza-Klein reduction and the quaternionic metrics [3] on M Q are functions of only NS-NS scalar fields. The second half are R-R scalar fields denoted by which appear in the quaternionic metrics only as a differential and hence posses Peccei-Quinn shift symmetries
for arbitrary constants c I .
The orientifold projection truncates half of the NS-NS fields and half of the R-R fields. supersymmetry forces the remaining fields to span a Kähler manifoldM Q . Furthermore, it can be seen in N = 1 spectrum of Type IIB orientifold compactification [4, 5] and that supersymmetry combines each NS-NS field M This dualization procedure will be discussed in section 2. As we will explain there, the kinetic terms and couplings of the chiral and linear multiplets can be encoded by a single functionK being the Legendre transform of the Kähler potential. As an application, we determineK for all three orientifold setups. Firstly, in section 2.1 we apply the linear multiplet formalism to IIB orientifolds. Secondly, the missing calculation of the Kähler potential is provided forM Q for general IIA orientifolds in section 2.2. In this derivation, we apply the techniques connected with the map (1.4).
Finally, recall that the quaternionic space can be obtained from M SK via the local c-map construction (1.2) . In section 3, we construct the map
which can be interpreted as the N = 1 analog of the local c-map (1.2). As we will show it is closely related to the dualization in (1.4), when specifying the right chiral fields M α for dualization. This construction is inspired by the one presented in [6] , where the moduli space of Lagrangian submanifolds with U(1) connection is discussed. Furthermore, it provides the basis to extend the analysis to non-Calabi-Yau orientifolds.
Linear multiplets and Calabi-Yau orientifolds
We rewrite the bulk effective action of type IIB and type IIA orientifolds using the linear multiplet formalism of ref. [7] . In this way, we will be able to understand the definition of the Kähler coordinates [5] given as a superfield duality transformation and furthermore discover the no-scale properties of K Q somewhat more conceptually. In an analog three-dimensional situation, this has also been observed in [8] .
Let us first briefly review N = 1 supergravity coupled to n linear multiplets L α , α = 1, · · · , n and r chiral multiplets N A , A = 1, · · · , r [7] . Linear multiplets are defined by the constraint
where D is the superspace covariant derivative and R is the chiral superfield containing the curvature scalar. As bosonic components, L contains a real scalar field, which we also denote by L and the field strength of a two-form D 2 . The superspace Lagrangian (omitting the gauge interactions) is given by
where E is the super-vielbein and W the superpotential. The function F depends implicitly on the Kähler potential K(N A ,N A , L α ) (Strictly speaking is not a Kähler potential but as we will see it determines the kinetic terms in the action.) through the
which ensures the correct normalization of the Einstein-Hilbert term. The subscripts on K and
Let us also define the kinetic potentialK and rewrite (2.3) as
Expanding (2.2) into components we can find thatK determine the kinetic terms of the fields. More precisely, the (bosonic) component Lagrangian derived from (2.2) is found to be (This is a straightforward generalization of the Lagrangian for one linear multiplet given in [7] . The potential for this case has also been given in [9] .)
where
We see that the functionK(N,N , L) = K − 3F determines the kinetic terms of the fields N A and L α as well as the couplings of the two-forms to the chiral fields . Note that only derivatives of F L α appear leaving a constant piece in F L α undetermined. This constant drops out from (2.3).
In a next step, we like to recover the standard N = 1 effective action by dualizing the linear multiplets L α into chiral multiplets T α . This establishes the map (1.4), which will be a useful tool in the remainder of this paper. From here, we can proceed in two ways. We can dualize the two-forms D α 2 in components and show that the resulting action is Kähler by determining the Kähler potential and complex coordinates. This is to do in Appendix and provides a simple, but somehow more tedious dualization procedure. However, performing the duality in superspace yields directly the proper Kähler coordinates T α and Kähler potential K(T,T , N,N).
The duality transformation in superfields is performed in detail in [7] and here we only repeat the essential steps. One first considers the linear multiplets L α to be unconstrained real superfields and modifies the action (2.2) to read (omitting the superpotential terms here since they only depend on N and playing no role in the dualization)
where the T α are chiral superfields and in order to be consistent with our previous conventions we have included a factor 6 in the second term. Variation with respect to T α results in the constraint that L α are linear multiplets and one arrives back at the action (2.2). Variation with respect to the (unconstrained) L α yields the equations (there is a misprint in the equivalent equation given in [7] .)
where we have used
This equation determines L α in terms of the chiral superfields N A , T α , and is the looked for duality relation. However, depending on the specific form of F and K we might not be able to solve (2.8) explicitly for L α but instead only obtain an implicit relation L α (N,N, T +T ). Nevertheless one should insert L α (N,N , T +T ) back into (2.7) which then expresses the Lagrangian (implicitly) in terms of T α and therefore defines a Lagrangian in the chiral superfield formalism. The unusual feature because the explicit functional dependence is not known. A correctly normalized Einstein-Hilbert term is ensured by additionally imposing
Contracting (2.8) with L α and using equation (2.9) one obtains (2.3). Thus, F has to have the same functional dependence as before and therefore equation (2.4) is unmodified, but one should insert L(N,N , T +T ) implicitly determined by (2.8). Using (2.9) the duality condition (2.8) can be cast into the form
whereK is the kinetic potential defined in (2.4). We also like to rewrite the Kähler potential K(L(N,N , T +T ), N,N) in terms ofK. Inserting (2.10) into (2.4) one infers
where we removed a constant factor by means of a Kähler transformation. Equation (10) identifies T α +T α to be the canonical conjugate to L α with respect toK, while by (11) the Kähler potential K is the Legendre transform ofK. The equations (10) and (11) characterize the map (4) and can be equivalently obtained by a component field dualization as shown in Appendix. Before turning to the orientifold examples let us, calculate the bosonic effective action in terms ofK and the coordinates 12) whereξ α is the scalar dual to D α 2 and we have used (10) . Using the Kähler-potential (11) one obtains
whereK is the kinetic potential appearing in (2.11) . This is the dual Lagrangian to (2.5) as can be equivalently shown by component field dualization (equation (5.4)). We now give some explicit examples for this dualization, by applying it to the Calabi-Yau orientifolds.
Type IIB orientifolds I. O3/O7 orientifolds
Let us now restrict to simple potentials K(N,N , L) and F (N,N, L), which describe the correct kinematics for O3/O7 orientifolds. Our aim is to rewrite the action together with the standard Einstein-Hilbert term and the contribution from reduction of the kinetic terms for the N = 2 Vector after Weyl rescaling in the linear multiplet formalism. As we are going to show this enables us to circumvent the implicit definition of the Kähler potential, that in terms of these coordinates the metric of the action [5] . In other words, replacing the chiral multiplets T α with linear multiplets L α as just described allows us to give an explicit expression for K in terms of τ, z and L α [5] . This is achieved by the Kähler potential
where we leave K 0 (N A ,N A ) and the normalization constant α arbitrary for the moment. Inserting equation (2.14) into (2.3) shows that possible solutions F have the form
where the definition of ζ α is unique up to a constant which does not enter into the metric, the real functions ζ R α (N A ,N A ) are not further determined by (2.3). The possibility of a non-zero constant is important for the formulation in terms of linear multiplets. In that sense ζ R α (N A ,N A ) are the additional input functions that determine the Lagrangian since they appear in the kinetic potential (2.4). Comparing the coordinates of ref. [5] with (2.10) by using (2.14) and (2.15) we are led to identify ((2.10) only determines the real part of T α . The imaginary part can be found by comparing the explicit effective actions and (2.13).)
where ζ R α = ζ α +ζ α is given by
Hence, we have shown that the definition of the Kähler coordinates in ref. [5] is nothing but the duality relation (2.10) obtained from the superfield dualization of the linear multiplets L α to chiral multiplets T α . The case is a somewhat special situation in that the function F does not have a constant piece but only the term linear in L α . This in turn requires that ζ R α the cannot be chosen zero but that they have at least a constant piece so that F does not vanish. This constant is otherwise irrelevant since it drops out of all physical quantities. It remains to determine K 0 . Comparing (2.14) by using (2.16) with Kähler potential one finds
Y is Calabi-Yau manifold, Ω andΩ are three-forms of Y andȲ . In summary, the low energy effective action for O3/O7 orientifolds can be rewritten by using chiral multiplets (z k , τ, G a ) and linear multiplets L α . This supergravity theory is determined (in the formalism of ref. [7] and apart from W and f which we can neglect for this discussion) by the independent functions K and F given in (2.14) and (2.15) together with (2.16) and (2.17). Inserted into (2.4) we determine the kinetic potential
where we have defined l 0 = ImG a and l 0 = Imτ . In the dual formulation where the linear multiplets L α are dualized to chiral multiplets T α the Lagrangian is entirely determined by the Kähler potential given previous with the 'unusual' feature that it is not given explicitly in terms of the chiral multiplets but only implicitly via the constraint (2.10). In this sense, the orientifold compactifications (and similarly the compactifications of F-theory on elliptic Calabi-Yau fourfolds considered in [9] ) lead to a more general class of Kähler potentials then usually considered in supergravity. In fact, the same feature holds for arbitrary K 0 and arbitrary ζ R α , such that also O3/O7 orientifolds with space-time filling D3 and D7 branes fall into this class as shown in [10, 11] .
Furthermore, these 'generalized' Kähler potentials are all of 'no-scale type' in that they lead to a positive semi-definite potential V . For α = 1 (and arbitrary K 0 and ζ R α ) the Kähler potential (2.14) obeys
and hence the second term in the potential (2.6) vanishes leaving a positive semidefinite potential with a supersymmetric Minkowskian ground state. Since in the chiral formulation K cannot even be given explicitly, one can consider such K s as a 'generalized' class of no-scale Kähler potentials. The analogous property has also been observed in [9, 12, 13] . Finally, note with what ease the no-scale property follows in the linear formulation compared to the somewhat involved computation in the chiral formulation performed in [5] .
II. O5/O9 orientifolds
As second simple example, let us dualize the effective action of orientifolds with O5/O9 planes [14] . In this case, our motivation is slightly different, since in contrast to O3/O7 orientifolds, the Kähler potential is already given explicitly in terms of the Kähler coordinates. Recall however, that type IIB compactified on a Calabi-Yau naturally admits a double tensor multiplet (φ, C 0 , B 2 , C 2 ), which is truncated, to the linear multiplet L (φ, C 2 ) by the O5/O9 orientifold projection. The ref. [14] dualized C 2 to a scalar h and extracted the Kähler potential in the chiral picture. However, with the techniques presented above, we are now in the position to formulate this N = 1 theory by keeping the linear multiplet L [5] . Let us determineK = K − 3F encoding the couplings of the chiral and linear multiplets in (2.5). As we will show in a moment, the potential K N,N, L and F N,N , L the function are given by
which is readily checked to be a solution of the normalization condition (2.3). Comparing equation (2.10) for S by using the Ansatz (2.20) with the definition of
Inserted back into (2.20) indeed yields the Kähler potential in [14] if we identify
Thus, we have shown that the kinetic terms can consistently be described either in the chiral-or in the linear multiplet formalism and we have determined the appropriate coordinates.
Let us supplement our analysis with another formulation of the O5/O9 setups. Namely, we like to dualize the chiral multiplet S as well as the chiral multiplets A a into a linear multiplets L 0 and L a . As we will see, this will be a first case where F N,N , L is not linear in the linear multiplets L 0 , L a in contrast to (2.15) and (2.20). We will show shortly that the Kähler potential still has the form
where K 0 is the same as in (2.22). F can be deduced from equation (2.10), which translates to 1
Inserting (2.23) and the coordinates S, given in [5] one easily concludes that
where is equal to L in (2.21). Together with (2.23) this is consistent with the normalization equation (2.3). Inserting (2.23) and (2.25) into (2.4) the kinetic potential readsK
where we have defined l α = Ret α . Let us close this discussion by comparing this kinetic potential with the one obtained for O3/O7 orientifolds in (2.18). They are identical under the identifications
Note however, that this is a rather drastic step, since we identify linear multiplets of the one theory with chiral multiplets of the other. It would be interesting to explore this duality in more detail. It corresponds in simple cases to two T-dualities and manifests itself by a rotation of the forms
This ends our discussion of IIB orientifolds. As we have seen, much of the underlying Kähler geometry can be directly analyzed by simply switching to the linear multiplet picture.
Type IIA orientifolds
Now we turn to a more involved application of the linear multiplet formalism or rather the Legendre transform method behind (2.10) and (2.11). Namely, we will present a more detailed analysis of the moduli spaceM Q for type IIA orientifolds [15] . Let us start by performing the reduction of the ten-dimensional theory by using the general basis αK, βK introduced in [15] . It was chosen such that it splits on
where both eigenspaces are spanned by h 2,1 + 1 basis vectors. As remarked above, we will only concentrate on the moduli spaceM Q , such that we can set t a = 0 and A α = 0. Due to
the ten-dimensional three-formĈ 3 is expanded in elements of
where ξ k , ξ λ are h 2,1 +1 real space-time scalars in four-dimensions. Inserting this Ansatz into the ten-dimensional effective action one finds
The metric G LK (q) is the induced metric on the space of real complex structure deformations M cs R parameterized by q k . It remains to comment on the kinetic and coupling terms of the scalars ξ k , ξ λ . Using the split of the symplectic basis αK, βK as given in (2.29) and the fact that by Hodge duality for a form γ ∈ H In order to combine the scalars e D , q K with ξ k ,ξ k into complex variables, we have to redefine these fields and rewrite the first two terms in (2.31). Thus, we define the h 2,1 + 1 real coordinates
which is consistent with the orientifold constraint (2.33). The additional factor e 2D of was included in order to match the dilaton factors later on. Using (2.34) one calculates the Jacobian matrix for the change of variables e D , q K to l k , L λ as explicitly done in [15] . It is then straightforward to rewrite (2.31) by using the identities
of special geometry as
From (2.35) one sees that the scalars l k and ξ k nicely combine into complex coordinates
In contrast, one observes that the metric for the kinetic terms of the scalarsξ λ is exactly the inverse of the one appearing in the kinetic terms of the scalar fields L λ . Hence, comparing (2.35) with (2.13) on concludes that this action is obtained by dualizing a set of linear multiplets
To extractK L, N,N we compare (2.35) with (2.13) and read off the metric
where we have used that the metric is independent of ξ k ,ξ λ . This metric can be obtained from a kinetic potential of the form
where F is the prepotential of the special Kähler manifold M cs restricted to the real subspace M R cs . The map ρ enforces the constraints (38). To show thatK indeed yields the correct metric (42) one differentiates (43) with respect to e −D , q k and uses the inverse of the Jacobian matrix for the change of variables e D , q k to l k , L λ . One finds its first derivatives
Repeating the procedure and differentiating (2.39) with respect to e −D , q k and using once again the inverse Jacobian one applies the complex matrix for special Kähler manifold
to show (2.37). Knowing (2.38) one can also extract the functions F L, N,N and K L, N,N by applying (2.4). As we will show momentarily K and F = 1 3
It suffices to determine K, which expressed in the correct coordinates serves as the Kähler potential in the chiral description.
As explained in the beginning of this section the actual Kähler potential of M Q is the Legendre transform (2.11) ofK with respect to the variables L λ . There we also found the explicit definition of the complex coordinates T λ combining L λ ,ξ λ . Using (2.39) in (2.10) and fixing the normalization of the imaginary part of T λ by comparing (2.35) with (2.13) one finds
To give an explicit expression for K Q we insert equation (2.38) into (2.11). Applying the N = 2 identity F = 1 2 ZKFK, the constraint equations (2.33) and (2.35), (2.39) we rewrite
It is possible to evaluate the terms appearing in the parentheses. In order to do that we combine the equations (2.34) and (2.39) to the simple form where wK = T κ , N k . In order to see this, one inserts the inverse Kähler metric (5.11), the Kähler derivatives (5.9) and the derivatives of (2.45) back into (2.45). In other words, we were able to translate one of the special Kähler conditions present in the underlying N = 2 theory into a constraint on the geometry ofM Q . Two nontrivial examples fulfilling (2.45) are the O3/O7 kinetic potentials (2.18) and O5/O9 (2.26). They admit this simple form since instanton corrections are not taken into account.
The geometry of the moduli space
In the section, we give an alternative formulation of the geometric structures of the moduli spaceM Q which is closely related the moduli space of supersymmetric Lagrangian submanifolds in a Calabi-Yau threefold [6] . This analysis can equivalently be applied to the moduli space of G 2 compactifications of M-theory. In this set-up also the no-scale conditions K NK K NKNL KNL = 4 , (2.45) are interpreted geometrically. This provides a more elegant description of the N = 1 moduli space and its special properties. Moreover, we construct the N = 1 analog (1.5) of the N = 2 c-map (1.2). Our analysis can serve as a starting point for the analysis of non-Calabi-Yau orientifolds by using the language of generalized complex manifolds invented by Hitchin [16] .
The reference [15] started from a quaternionic manifold M Q and determined the submanifoldM Q by imposing the orientifold projection. N = 1 supersymmetry ensured that this submanifold is Kähler. M Q has a second but different Kähler submanifold M cs which intersects withM Q on the real manifold M cs R . The c-map is in some sense the reverse operation where M Q is constructed starting from M cs and shown to be quaternionic [2, 3] . In this section, we analogously construct the Kähler manifoldM
In fact, the proper starting point is not M cs R but rather M R = M cs R × R which is the local product of the moduli space of real complex structure deformations of a Calabi-Yau orientifold times the real dilaton direction. The N = 2 analog of M R is the extended moduli spaceM cs = M cs ×C where C is the complex line normalizing Ω. The corresponding modulus can be identified with the complex dilaton [17] . The orientifold projection fixes the phase of the complex dilaton (it projects out the four-dimensional B 2 ) to be θ and thus reduces C to R. The local geometry of M R is encoded in the variations of the real and imaginary part of the normalized holomorphic three-form CΩ. This form naturally defines an embedding
where H 3 + (R) and we used the intersection form α,
where α ± , β ± ∈ H 3 ± (R). Now we construct E in such a way that M R is a Lagrangian submanifold of V × V * with respect to W and its metric is induced from G , i.e.
is the metric on M R . As we are going to show momentarily E is given by 5) where
for all q K . This implies that the image of all points in M R have the same distance from the origin. Later on, we will show that this translates into the no-scale condition (2.46).
Let us first show that the E given in (3.5) indeed satisfies (3.3) and (3.6). The explicit calculation is straightforward and essentially included in the calculation presented in section 2.2. Formally one has to first evaluate E * (∂ QK ) and expresses the result in terms of the (3, 0)-form Ω and the (2, 1)-forms χ K . One then uses that by definition of the pull-back E * ω(∂ qK , ·) = ω(E * (∂ qK ), ·) for a form ω on V × V * . Applied to G and W one finds that the truncation of the special Kähler potential indeed imply (3.3). This calculation does not make use of any specific basis of H 3 ± . In order to connect with section 2.2 let us first recall how we applied the map (1.4) to extract the chiral data of the N = 1 moduli space. We started with a special Kähler manifold M sk with metric determined in terms of a holomorphic prepotential F (Z). Next we assumed that the N = 2 theory with quaternionic space M Q constructed via the local c-map (2) allows a reduction to N = 1. Accordingly the section Ω(z) = ZKαK −FKβK fulfills equation (2.33) for some basis
Using this basis we found the kinetic potentialK(L, l) given in (2.38), which explicitly depends on the prepotential F . It encodes the metric onM Q ⊂ M Q via the Kähler potential (2.11). On the other hand, equation (2.10) defines the complex structure oñ M Q . These steps can be translated into the language of this section. Namely, choosing the basis (3.7) to expand the map E defined in (3.6) one finds
where l k , L λ andK L λ ,K l k are functions of as given in (2.33) and (2.39). We define coordinates uK = 2l k ,
4KL
on V and coordinates vK = 1 4K l k , 2L λ on V * . In these coordinates the first two conditions in (3.3) simply read
From section 2.2 we further know thatK l κ ,K l k are derivatives of a kinetic potential K and thus we can evaluate duK and dvK in terms of l k , L λ . Inserting the result into (3.9) the second equation can be rewritten as
while the first equation is trivially fulfilled due to the symmetry
This metric is exactly the one appearing in the action (2.35) when using (2.37). Expressing g in coordinates e D , q K leads to (3.4), as we have already checked by going from (2.31) to (2.35) above. Furthermore, inserting (3.8) into (3.6) it exactly translates into the no-scale condition (2.45), which was shown in section 2.2 to be equivalent to the no-scale conditions
We have just shown thatM R is a Lagrangian submanifold of V × V * . Identifying T * V = V ×V * we conclude thatM R can be obtained as the graph (α(u), u) of a closed one-form α. This implies that we can locally find a generating function K ′ : V → R such that α = dK ′ . In local coordinates vK, uK this amounts to
These equations are satisfied if we define K ′ in terms ofK as 13) which is nothing but the Legendre transform ofK with respect to L κ . Later on, we show that the function 2K
′ is identified with the Kähler potential K above. In order to do that, we now extend our discussion to the full moduli spaceM Q including the scalars ζK = ξ k ,ξ κ parameterizing the three-
14)
The tangent space at a point p inM Q can be identified as 15) where the first isomorphism is induced by the embedding E given in (3.5) . This is a complex vector space and thusM Q admits an almost complex structure I. In components it is given by
where we have used that I is induced by the embedding map E. One can show that the almost complex structure I is integrable, since 17) are a basis of (1, 0) forms and wK = uK + iζK are complex coordinates onM Q . Using the definition of uK one infers that as expected wK = N k , T κ . Moreover, one naturally extends the metric g on T M R to a Hermitian metric on TM Q . The corresponding two-form is then given bỹ
Using the definition (3.16) of the almost complex structure and equation (3.3), one concludes thatω is given bỹ
where for the second equality we applied (3.11) and expressed the result in coordinates wK = uK + iζK. Note that K ′ is a function of uK only, such that derivatives with respect to wK translate to ones with respect to uK. Equation (3.19) implies that K Q = 2K ′ is indeed the correct Kähler potential for the moduli spaceM Q . So far we restricted ourselves to type IIA orientifolds. However, one easily translates the above construction to IIB setups by using the mirror map
In the IIB case the real manifold started with is simply the local product M In order to be more explicit we distinguish O3/O7 and O5/O9 setups and define
where E + iÊ = e φ e −B+iJ and qÂ = e −D B , v α , b a . Correspondingly, we need to set
where we have abbreviated
Given a vector space V of even forms, the identification of V * with the respective cohomology groups is done by using the intersection form ϕ, ψ = Y m (−1) m ϕ 2m ∧ ψ 6−2m [16] . To check that E O3/O7 and E O5/O9 are defined correctly, one proceeds in full analogy to the type IIA case. Once again, the calculation simplifies considerably by using the existence of the kinetic potentials (2.18) and (2.26). Let us summarize our results. We constructed the metric and complex structure of the Kähler manifoldM Q ⊂ M Q by specifying a map
where M R parameterizes the real 4-dimensional dilaton direction times certain deformations of the Calabi-Yau orientifold. V is an appropriately chosen vector space 
where Φ A,B is given by the Kähler potential 3.27) and ρ = U, E,Ê depending on the orientifold setup. In order to evaluate Φ A,B = e
we use the definition of the four-dimensional dilaton e D = e φ (K/6) −1/2 . Since M R is embedded as a Lagrange submanifold in V × V * it can be locally given by the graph of the one-form dK ′ . Moreover, since E induces the metric on M R and a complex structure on M R × V the function 2K
′ is nothing but the Kähler potential on the local moduli space M Q = M R × V . Thus, the difficulty is to find the map E or, by recalling (3.11), the functional dependenceρ(ρ). This non-linear map ρ →ρ(ρ), (3.28) lies at the heart of Hitchins approach to extract the geometry of even and odd forms on six-manifolds [18, 17] . One may thus hope to generalize Calabi-Yau orientifolds to non-Calabi-Yau orientifolds.
Conclusion
We presented a more detailed investigation of the N = 1 moduli space of Calabi-Yau orientifold compactifications. The special Kähler manifoldM sk inherits its geometrical structure directly from N = 2, such that we focused on the Kähler manifoldM Q inside the quaternionic space. It turned out that the definition of the Kähler coordinates as well as the no-scale type conditions onM Q can be more easily understood in terms of the 'dual' formulation where some chiral multiplets of the Calabi-Yau orientifold are replaced by linear multiplets. After a brief review of N = 1 supergravity with several linear multiplets, we reformulated all three orientifold setups by dualizing a certain set of chiral multiplets. The transformation into linear multiplets corresponds to a Legendre transformation of the Kähler potential and coordinates. The new kinetic potential of O3/O7 and O5/O9 orientifolds takes a particularly simple form induced from a tree-level prepotential. In contrast, for O6 orientifolds it is given in terms of a generic prepotential satisfying the orientifold constrains and generically includes correction corresponding to world-sheet instantons in type IIB. For orientifolds with O6 planes, the Legendre transform was essential to make contact with the underlying N = 2 special geometry. As a byproduct we determined an entire new class of no-scale Kähler potentials which in the chiral formulation can only be given implicitly as the solution of some constraint equation. We closed this chapter by giving an explicit construction of the Kähler manifoldM Q replacing the N = 2 c-map. The spaceM Q was shown to admit a geometric structure similar to the one of the moduli space of supersymmetric Lagrangian submanifolds [6] . This also provides the ground for a more general investigation of non-Calabi-Yau orientifolds. Namely, we found that the Kähler potential ofM Q is the logarithm of Hitchins functional for a generalized complex sixfold evaluated for the simple even and odd forms associated to the orientifold setup.
As already mentioned, a generalization to non-Calabi-Yau orientifolds is of particular interest. Orientifolds allow for consistent D = 4 Minkowski or Anti-de Sitter vacua for which the internal manifold possesses non-trivial torsion. As we have argued, the orientifold projections specify a Kähler submanifold in the quaternionic N = 2 moduli space with geometry encoded by special even and odd forms. The Kähler potential is Hitchins functional truncated by the projection. A similar analysis is likely to apply to orientifolds of generalized complex manifolds as introduced in [16] .
Appendix
We briefly discuss the dualization of several massless linear multiplets to chiral multiplets. We only discuss the bosonic component fields and do not include possible couplings to vector multiplets. Our aim is to extract the Kähler potential for the N = 1, D = 4 supergravity theory with all linear multiplets replaced by chiral ones. Let us begin by recalling the effective action for a set of linear multiplets L λ , D λ 2 couplet to chiral multiplets N k . It takes the form (This action can be obtained by a straightforward generalization of the action for one linear multiplet given in [7] .) 
back into the Lagrangian (0.1). The resulting dual Lagrangian takes the form
Since we intend to use these results in the effective action for Calabi-Yau orientifolds, we make a further simplification. We demand that the kinetic potential K is only a function of L λ and the imaginary part of N k , which we denote by l k = ImN k . This implies that all chiral fields N k admit Peccei-Quinn shift symmetry acting on the real parts of N k , as it is indeed the case for the orientifold setups. Thus, the effective Lagrangian (5.4) simplifies to
This N = 1 Lagrangian is written completely in terms of chiral multiplets and therefore can be derived from a Kähler potential when choosing appropriate complex coordinates N k and T λ = L λ ,ξ λ . As we will see in a moment, a direct calculation yields that this Kähler potential is the Legendre transform ofK with respect to the scalars L κ . It takes the form
where L κ = (N, T ) is a function of the complex fields N k , T λ . This dependence is implicitly given via the definition of the coordinates T λ
However, in order to calculate the Kähler metric, one only needs to determine the derivatives of L κ = (N, T ) with respect to N k , T λ . They are obtained by differentiating (5.7) and simply read
Using these identities one easily calculates the first derivatives of the Kähler potential (5.6) as
Applying the equations (5.8) once more when differentiating (5.9) one finds the Kähler metric
with inverse
Finally, one checks that K(T, N) is indeed the Kähler potential for the chiral part of the Lagrangian (5.5). This is done by plugging in the definition of T κ given in (5.7) and the Kähler metric (5.10) into
where M I = (N k , T λ ).
